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QUESTION L. (6 points)

Use Dijkstar's method to find the minimum spanning

tree {you may start from vertex a). Then draw such
spanning tree + T+ e
lal ble d e t 9 z h ||+
\ -]
A1 [0e]] 3a | = oo Ca eo ) a0 Ha o
b [od [3a)] 50| o2 | 5a | 106) 0 | & | Ha |eo [0
> c |£_|£ 8c | Sa | 3¢ | Nec | e° Yo | = | &
h fc Sa q'C HC oo 6"‘ o
e 8¢ || Fe | Me| o bh| o
i 8c Fo| N | o f&n]| 12
hERETT g f 8¢ e | o0 lo
yrecre—r o e | 1d o
- ) lle | (lod 10
7 i 3 I
S T :ic ffo
. 9 c
QUESTION 2. (6 points)
1. A person wants to travel from vertex A and visits each other
1 o vertex EXACTLY once, then returns back to A. What Is the
G 2 B 7 .D shortest path (cycle) should he use? (SHOW THE WORK)
- A~B-~(C-D-E - F- (5
" 243424 5+{+}*+r5 =30
[. = ;
: >
A c \/./
L ’ 2. Is the graph Eulerian? Ifyes, then give me one Eulerian
r, 6 E? dircuit. ifno, then ex ﬁl{brieﬁw
Not Mﬂﬂ because all degrees wmuch

be even (e.9 deglv)=3)
3. Is the graph an Euler path? If yes, then give me such path.
If no, then explain. .~
LJESM{C exactly tws degreec afe odd

4. Is the graph a bi-partite graph? explain
/Nﬂ] there are odd  Cycles
Lt

QUESTION 3. (6 points) Let D be a graph with vertex-set V' = {1,2,4,7,8}. Two distinct vertices, say ¢, b, are
connected by an edge iff « + b = 3c for some ¢ € N*. By drawing the graph, convince me that D is a complete bi-partite
graph. Is the graph Hamiltonian? if yes, then give me such cycle. If the graph is an Euler path, then give me such path.

1\

N
HNO:} ' Eular Pa.‘H’] beceust
::‘ S_:;m' .. ’ / erctly two clegree s are o dd
2 3 B

Cycle -1 path 13 |_2*__.l1..9__‘.?_2
-

Euler path: 2-4-8-1-2-7-8
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1) (2 noints) [ ot o be an jreational npumber Convines me that 050 1c alen an ieeatianal anmbor far avaee ins
lnrra'l'r

| COW TTAIIL FIAR = Ja 1t Frafwna (=
(iii) (5 points)Usc math induction and prove that 12 | (8" - 20), for every intcger n > 1.
(a) Frove for  nzy
5'""-_1_ = 429 SEx12 = 624 => 121428 . Truc
(b} assume L) (23" =2e) s jrug hr some N>
(c)  Prove for e+
YneY
A5
11
sihst g+ 511

= gt o1
= §'(s - 1)+ 5=
’P(l-ru bg fﬂ})

; b
dlﬂr;lq Y (4rue Lﬂ fb}} dividec

by 12
=N

- & true

QUESTION 5. (5 points) Is the sequence 5,3,2,2, 1, 1 graphical? If yes, then draw a graph with the given propertics.
If such graph exists, then it is possible that such graph has many "shapes". Hence without relying on the shape of such

graph, convince me that such graph is NEVER a tree.
5, 31242 I o

L/' = 2,1,1,0,0
_23 0,006, 0 asuch  graph  exish
A ¢ \___ §um/\9ﬂ&c§\;
R
e e
IV

l(r g5 dssmrzlwysc;mj
\/ ¢ ., { o i: a rfyc I'ﬁ.
\U\‘ f(t:wr ;eveg H’E:c : F \ \/ 1 i 5
12| WA Z T

&  frec
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Final Exam: MTH 213, Spring 2018 3
QUESTION 6. (i) Let A = {0,1,2,3,4,5,6,7,8} and B = {0,3, 6}. Define "=" on A so that
a="bif (a - b) mod(9) € B

a. (4 points) Show that "=" is an equivalence relation. (Hint: [ guess that you nced to show that —r mod(9) € B
for every r € B, also show that (m + n) (mod 9) € B forevery m,n € B)

(4) A'A’l fa-a) mod 9 = 0 wmed 1 =0 e B / ,gfwujt true

(b} A-B - acume a=b s. a-bzk(medd)eB
Men  b-az-k mod @1z 9- (K med 1) = 2] g kR 99+ 0 = a-b
< | KER o 'K= £0,2;61 N SRR
ki3 =3 9-(3 med 9)- 6 &8 L
keb = 9- (¢ md 9)= 3 €8 . Secand axjam Ga+é= a-b
k20 =5 0 md 9 = g AIWAYS alwys holde
() A-B-C: asb and b=z c so adé,dhic & o bnik seb so we @n prve by
. _ ; |
b. (3 points)Find all equivalence classes of A. gssume a6 Le3  cs 0 : crimple
_ d-h:é—i:imad-‘l:?&B :
0: LB36] b-c = 3-0-2mod 9o 3 &B
T . -t = £-0:=6 med 4 =6 EB _5__“5‘)
I - [lll-ll?} g _:5 T'RIJE’ ‘rm”ar“j w;+'l| a q - :i
W= d=1 LZH;C:}
e '{-215!8-5 ond d:)_’,b:S;C‘g ].«_-.io_':_gf_
c. (1 points)If we view " =" as a subsct of A x 4, how many clements does "=" have? Do not list the clements. '"'cl oy

just tell me the cardinality of "=",
2 2 1
37+ 3 1 3 = 2 ?

v b
q L1
(i) Let A = {~16,1,3,10,12,15} and B = {0,-3,-5,~9,~11,-12,~14,~19,-28, -31}. Leta,b € A. Define
"<"onAsothata < bif (b= a) € B. Then "<" is a partial relation on A (DO NOT SHOW THAT)

a. (4 points) Draw the Hassee diagram of such relation -1b

P
PAN - 1

1z
N Y

1§
b. (3 points) By staring at the'Hassee diagram, If possible, find
i. 1ZA10 15 -
i, 10A3

15
i 143 1, O
v 15V-16 =g |/
vo1A=-16 12
vi. IVIS 4.

b CILE

ix. Isthere a c € A such thata < ¢ for every e € A? If yes, find ¢ ho suech C
x. Is there an m € A such that i < a for every a € A? If yes, find m

-
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QUESTION 7. (5 points) For the following Algorithm scgment. Find the exact number of additions, multiplications,
and subtractions that will be performed when the algorithm is executed. Then find the complexity of the Algorithm

segment. (SHOW THE WORK)

m=0;s=-20 outer  loop
For k:=1 to2n? 2n3 -1 41 = 2n3

L=Peione @

For i:=1to fé}

o

K=1 =32 s='."0@r:‘j'$i.zek
k-7 =) next i OM’PI ’Dap
) next k B
, o 1 - 23
; m].'f' ns even y it n=odd
7 S o reqs xel
"-"hi(GJ) +(Fa26k). . F+(2) 2Tz
) T ok e I 20 ) 53 2600
Pl e S TV
Comprexiy = {@FOpp) 267 ) 50 -1 5 [or2]20)
QUESTION 8. (i) (2 points)If possible solve 4x = 5 over Planet Zq. 2 | Camprevily =
d =9 4 )
et =2 15 olth= " a3z n (7 p10) +[3+ (222
2 dees nety dwide S S 2
= KMo Sslubim K/’ §fe) s nlpt. ot

(ii) (3 points)If possible solve 4x = 6 over Planct Z,4. Then if possible solve 4z = 6 (mod 14) over Planet Z. § o

qa( 4, M) = 2(¢ Vv

T?_ Sclubims
Hy = 6 (med 4)
X.:5 . X: 12,
X= 5+I4k; kez Y=L+ Mm, meZ

(iii) (5 points) Let X' be the number of students who will take MTH213 in the fall of 2018, Given | < X < 72,
X =8 (mod9), and X =3 (mod 8). Use the Chinese Remainder Theorem (CRT) to find the value of X. (SHOW

THE WORK)
ged (9,8)=21 = C(RT ok!
di= (8) wid 1 =8 9%z 1 (med)
dp = (‘I)-I md § = 1 o8
‘“’:I {lﬂarlg)
= (888 + DL ) e R
S?q No& :}'2_

L/,, =
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(iv) (2 points) Find (1770 - (6510

N A
(v1) (3 points) It is clear that ged( 147"42. Find two integers a. b such that 22a + [4b = 2 (SHOW THE WORK) 8
[ | !
5 [ =g 1 W27 emm L 2
7= 8= (14-8x|)xi e 8 £ -«
= 8-1 gy 2 gvy-py ¢ € 2 5
" = (Q2-Mx1)y2 - = 2202 -14%2-W = 22x2-19%3 221 $:3
(vii) (2 points) Without solving the equation 10z® + 1427 — 21z + 28 = 0, how can you conclude that it has no rational

(viit) (4 points) Given a,, is a sequence such that ag = 6, and a; = 12, and a,, = ua,,_| + va,,. 2 forevery n > 2, where
u, v are some (ixed real numbers; also given u,, = a(—4)" + bn(-4)" for every n > 0, where a, b are some fixed

+bw(-4)"

real numbers. Find the values of a, b, u, v. "
an = q(-4)
(-4) -4b =12

o= aly)+ b(-):
24 —Hb =12
"‘3‘ = -Yb

an = Uan-| +Van-2
F9 = E ]

ar =Ny + gv = -192
a3 =-192u + {2v= 1344

(ix) Given § = {1,2,3,4,5,6,7,8,9}. Let f be a bijective function from S onto S such that

D 2= () 4 (9 ()0-4) = -2
A3 = §(-4)3+ (-1)(3)(-9)3= 13YY

J‘._12'3'4'56739
“\8 45697213

a. (2 points) Find f2 (i.e., find fof). (Note that by staring at f, we understand that (1) =8,...7/9=3

g

W P- (169332 435)

b. (3 points) Find the least positive integer n such that f* = I, where [ is the identity map (i.c., /(a) = a for
(1:8) (2,4,¢,7) (35,9

everya € 5)

LM (2,4,3) = 12

L.{Mf?.;"” = lﬂ =

'z __—__‘)Fn is

Lemit,3) =
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QUESTION 9. (i) (2 points) How many 4-digit @lumbcrs greater that 6000 can be formed wsing the digits (1, 2,
3,4, 5, and 6).

1 C1 xe¢Crx 6C1x 3C1
- o

-~

!_/ |

(ii) (2 points) There are 9 dots randomly placed on a circle such that exactly 6 of them arc red and the remaining three
dots are blue. How many triangles can be formed within the circle (i.c., inside the circle) such that each triangle has

exactly two red vertices? 4
lé C , X 3 C 1 /

(iii) (2 points) 2019 females are standing in a row and cach female shakes hands only with the female on her left and
with the female on her right exactly once. How many handshakes took place? (note that Female number 1 will
receive only one shake hand and so is female number 2019) '

, 4 2x 2% 272 ... x4 1x21°'?
M A L o . - @) 2oi1 —‘—5 x]1
201~ 2+1

(iv) (2 points) 202 persons are in a gathering, it is observed that more than 60% of them are females. We know that
cach person was bom on Monday or Friday or Sunday or Tuesday. Then there exist at least 1 persons who were
born on the same day (i.c., Monda¥ or Friday or Sunday or Tuesday). What is the maximum value of n?

Q‘”?CQ

L/ n= l_..?;ﬁ:.l = 51 X
H
QUESTION 11. (6 points) Write DOWN T C)Rg F
(i) 1f there exists a bijective function from @ 1 [-4,4] onto N, then there exists a bijection function from Q 1 [-4,4]
oo Q@ T~ T./ ISl = INT= 1@
Gi) 010121001 = 1100 T~ \_/ ~—
— 4 X= 2 L= _:f___ y -
(iii) Yz € Q*,3 a nonzero y E@uch thatzy € Z2°. T \_/ ys1 Vv 2 ;
- = Q_
(iv) Itis a correct answer if one says that ged(4, 14) = —2 over Planct Z. (Remember our segrct!} T _ e
J
@ BBH-B=0) £/ £E1
.
(vi) If 3!z € N" suchthatz? -4 = 0,then 3! y € R" suchthat y* —~4 = 0. |
F 1 24-2) ¥ P dnesit maHer 4 T 23~ 1]
Faculty informalion A b ForT Z 1l

Ayman Badawi, Department of Mathematics & Statistics, American University of Sharjah, P.O. Box 26666, Sharjah, United Arab Emirutes.

E-mail: abadaviQaus.edu, www.ayman-badawi.com
L
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QUESTION 1. (7 points)

Use Dijkstra’s method to find the minimum spanning tree of the below graph.

c |{ple I=laG

———

2" 2% © 100 oo
3 | ME
o 87 ¥ o

(3
i _ .
1 U e Ty e 0
' MWE WS
/| 591 3 730 e
. g ——
)|+ | s®
o __lll S
!q_a. \-1q=
. - = Jl'- — —_—
q

- Kanimum Spanning

e =
QUESTION 2. (3 points) e

d

g Stareatthe graph. You are allowed to
add oaly EDGES (o veries) s that

B
/ / lhegraphbecomesconnect;iin_dan - =
Euler Path+haHs w Ewer Pam — fom smrhing venex ¥, an
( You may show the w%rft}ne ﬁe'g‘r?ﬂ] worr eocn EBS cwang o and end ot

dfereny vertex y -
= Exaltly 2 vertvces of odddegress .
' [-deg(f—‘-) =deglen =1 . Rest ave "3&2]

[ exampte - A-B-F-E-bd-C-8-G]

£ itself.

D

QUESTION 3. (3 points)

Stare atthe graph, You are allowed to fu . .

add only EDGES (1o vertces) s that :G:“‘e‘;s‘:m:\“ ey “:W:u “:\ :*‘g‘::m
(=2 Y+ ] {

the graph becomes congected and > et i

; —— veryex .
Eulerian  Euler cirouit),
You may show the workonthe graph. = A VerTices st be of even dagrees .
£ ilsell [Cm.un- womple @ A-B-F-E-D —L—E,-(-ﬂ"\:‘ﬂ] .




QUESTION 4. A = {4,6,7,8, 10,20}. Define < on A such that Va,b € 4, a =bifandonlyifb—a &
{0,-2, -3, -4, -6, —13, - 16}. Then (4, <) is a partially ordered set (DO NO SHOW THAT)

(i} (4 points) Draw the Hassee diagram of such relation

L IS CO
= 6"(" 4, (6. 4
s 3%ty (.
« €'¢" L 4, L,R) .
?
20T 46, R, ], (0.
-..20 IO<‘| :
T4, 3, 20). s I o
(i) (3 points) By staring at the Hassee diagram, if possible, find
a.20v10 = 3. /
b.7f16 - ‘0- Lﬁ
c. 20v8= 4 V"
d. 20vd = 4. o/
e. Isthere a ¢ € A such that a < cforeverya € A? If yes, finde = Mes c=4% .7
f. Is there an m € A such that m < a for every a € A? If yes, find m = No, DNE - P
QUESTION 5. (3 points) Convince me that |(-o0, 0] = |(—5,4]| by constructing a bijective function between the two
sets. T LX)
KZ)=an-§ Y g =
ek £: (-»,0]—(-5,4] !
. = x ‘—5 .y Ra =(-5,4]=ca-dmwa.n -
. §(z) = 9e nge = ¢5,4) (o o5 =
From grapn, w is clear har £(x) s one-to-ona e e TR |
(awve funenon & mueo.slmg) ond onto (s {fange = *c:y
me -§ =
o—omasn - ) M5 4 zy Ms 9
Heace € 18 o bdeumve funtmon . )
le ¥row o facr Wat, § o byedree fucinon aan be TR S e = == = ys-§
oy, e dormain % codomasn hove. Atk cardiralivy . pommnc (~v,0)

™
QUESTION 6. (6 points) _-. \¢_s 01| ={C503| ~ QED =2 [0y ;’auH‘ /

(i) Let F be a set with 4 elements, Consider the power set pf_&.@land let H = {d tjllm =37, Find || Gie.,
find the cardinality of H) el Any

A = o0 o

iFl=4y . =~ H| = #0f o\l possibie sibiest d, Hare lal =Y. (ror \'m;::\‘:::s

H @ aset containing an subscr s oF Henee |[HI =HC3 :17'4'/ | S"d?ﬁgﬁl{—pbf g/ﬂ)/
B N =i T

for wanicin casdiality of subser s 3 SO [ ﬁ' &?7 e
(ii) How many 4-digit even integers greater than 5300 can be formed using the digils (2, 3, 4, 5, 6, 7, 8) such that mf}}@;}(
third digit must be an even integer. AT X AYA 1 T RR
1% =4C1  (>Scee) W= 41 (even inveged) T deel fl?ﬂl&i)(_%_%' 37( ]

2™ = et (3aeed

3= et (venifauuil) . = s St
(ili) There are 432 balls and there are 9 holes (very deep holes). The holes are labeled ‘A, A, A, B,B,B,C,C,C.

123 balls must be placed in A-holes (i.e., maybe all of them in one A-hole, or in two A-holes or in three A-holes},

200 balls must be placed in B-holes (see my earlier comment), and the remaining balls must be placed in C-Holes

(again, see my earlier comment). Then there are at least » balls that are placed in the same hole (such hole could
be an A-hole, or a B-hole, or a C-hole). What is the maximum value of n? I f‘\

LoMain Al = 113 |<o-damain A] = 3 = leas bals wn A = r_‘;_ﬂ =% X . jeosr bols placed

= Toml possibilmes =@1 xbC1 x4C1 x qcz; = 384

toomain Bl = 200 . {co-domeun @) =3 | teast baus in B = (2227 = 3 /1Y nsame howe oF G0y
IDtmoun Cf = 432-323=109. {Co-domainC| = 3. st s o C < |_‘°"31 . ]' Bna = manfw, e, 3]
QUESTION 7. (2 points) Find 82 (o4 35) aheme=lmi=3d. ["=53)- ko)
Fod'-'l o (a, )= 4 , than Qum(mod ny=4 . _ glccoum ]——hv::-"_—_-—n@
oo = (mnd?-s) x 2 (Mmod %)
Nn=35 =5x3 . 24002 = 24oDOo *+ 2 = 1 5)
D)= 4xe =24 . = icoo(2¢) + 2 X G4 Cmed 3
o+1 =
3 (5,383=1 . ™ (moaas) = T (med 38) | <23 ol
Yoo
. @ (mod 35) = 1 = €% 2 noa38) o 8™ (moa 35) = 29 .



QUESTION 8. (3 points)

Surn 21
Given § = {1,2,3,4,5,6,7,8}. Let f be a bijective function from S onto S such that

(i) Find f? (i.e., find fof). (Note that by staring at f, we understand that f(1) = 7,..., f(8) = 8)
Fl= Fof = FCRC)) .

.F'1= i 2 3 4 5 L 1 8 /
r
(\ 1 4 5 3 L 38

(ii) Find the least positive integer n such that f" = I, where I is the identity map (i.¢., [{a) = a forevery a € 5}
f s dsjont oice =

= (1 3)2 )3 5 4)
vt

e
Z-cyore -

co=wml223]= 6. RS

1-dycte  p-cyeie

pe——
r—r——

QUESTION 9. (3 points) Let A = {0,1,2,3,4} and consider the following equivalence classes of an equivalence
relation "=" on A: [0] = {0,3,4}, [1] = {1}, [2] = {2}. Note that the definition of "=" is not given here. Write down the
elements (explicitly} of "=" as a subset of A x A,

(o] = {D,qui ] * Elemaonrg of =" as Subter o AXA
LIJ _ i‘_s = (0,0) )(0'3.) , (0.‘*) , (3‘0-), (;VL"}_] (3‘L\f)_' (q.o-) - (urfs-)) (,"h“—)}
£23 = {2k,

Ly, C2,1) . /

QUESTION 10. (4 points) Let 4 = {I,2,4,7,8,11, 13, 14} and let H = {1,4,7,13}, Define "=" on A such that
Va,b€ A, a” ="bif and only if ab (mod15) € H. Then "=" is an equivalence relation. Do not show that.

(i) Does 3 =77 why? => ¢ 3"="3, s vheans (‘b)ﬁ)(mx\ \S)(—'_.H L (23X 15) = gi(med 18) = b é M.
Hence , (3TFET)
(ii) Does 11 = 147 why? 2 ¥"3].

= (ﬂ\nrl |§]
g teea (W0 Ymoa 15)EH. (OUYmed 18) = 154
(iii) Find all equivalence c]am ' e . = 4 H.
a[\‘_\:i\,q—"—]'@}_ o .8_ - : i =
) n = 10~
=21 =32 ,%, 4,
- i e ' = 10 - (4x2)
= 10 - {(w-20) %x1)
= 10- (20D +(1w0x2)
QUESTION 11. (4 points) Let m = ged(34, 126). Then find a, b such that m = 34a +:{266 = (0% - (24 1) + (10 x v)
3 4 2 7z
) z — {2wx))
XK Ar ) 3¢ 1@ ) A% 1o 4 (o £5)
i -1 Ul:; = - 2% - -2 = & - gg ﬁ@'__q_ 5
24 A Q' M O""jrgp = ({3 -129) *5" .(1‘* "1’)
- gcd (a4 \26) = 2 . z Z(3ux8)— (24 x5) 24 x2)
_ = (34x5)—4x7)
) \ = (3 x5) '((m,—loz)“)
- NTR _-_(3%5)-(!1%‘:”""(‘“*4:
= (e \ N - (%“S)_(nbxﬂ*,(@w?{)ﬂf
- | T uns)—(exd) £ (X2
X 1-) 3

- Gexae) + (2ex-9)




QUESTION 12. (4 points) Use math induction and convince me that 5°™ (mod 20)

® Prove iv for swaMesr posswole ™ e . sp=d
when m=1 -
52 (mod 20) = 5 (mod 20)
= §¥ {mad 20)
=75 (oo d 2.0)

5 .

MmN .
D Astume cloim i YOUd for_sog o nrae f>l
@ . OSLUThG. 51“(mpd 20y =5 |

X (mod7) = 2and 2X (modi0) =

X wves in planet :r,ao = 0£X<70. III *CRT -
X{moc 3) = 2
2X{med 10) = b .

CGuven : | N =nn, =30

| Hene Snm(moc\ 20)=5 Mooz,
QUESTION 13. (4 points) Let X be number of students in MTH 213. Given X

=5 forevery m > |.
Pove w foc Getd !
L SV N4 S s

5 (e ) an

A1
(oo 26) = & (mod 20)

= 55" (moa 20)
Szh(mod 20) % 5 (mod 10) .

(X} Ny
= (s % S Y(meca 20)
= A8 (mod 20) =5 -

v

lives in PLANET Z3 such that

6. Use the Chinese remainder Theorem (CRT) and find all possible values of .X'.

X =(m.x,r. 4.m1-,;2w¢1)(md wY .
e

o)(' = ((m)(g)ca.) ¢ ﬂl(a](sﬂ(mnd 10

= 30

°m|=%-=='?f-=t0- = Wi{moa F0)
#sowe 2X(mod IB)=lo over 2,4 ¢ Pz, (moa 3)= 1. = gé..é '
I i e P, W) N
2X(mee 18) =t has 2 solunens Tl =S 2 Y, = (S + XBUE(mwoa 38
over 2, (ree qetl,@)=1 él 2\")) ' 2N, = 'rr\l = 3‘_0_ = 3. = 268 (meod 30)
L

o R x=B 4 =X

Foc, (mod 10) = 4

“[x, = 3

#® Lreck. & (RT applies :
ot e e e et Nt et

ged (3,00) =B 1 .

Hence, CRT ik applicaoie .

Bvivan ¢, = 3

]I °wnen 3 =3 .

QUESTION 14. (6 points) JUST WRITE T OR F
(i) Az € Zsuchthatz®> ~ 6z +9=10.

T
i) {5,(5}}-{5}={(5} — F 'lZ.:\a bc/iﬁﬂ’ﬂ-

(i) VT € R, 3y € Q" such thatzy € Q. —> .
(iv) If £* = 2 for some x € N/ then Ty=nVye N, — F 7&

(V) If =7(mod 10} = 23(inod 10), then —3(mod 5) = 23 (rnod 5} — ¥ _

(vi) {3,{3}} € P(A), where 4 = {3, {3}, ¢}, — T
QUESTION 15. (4 points) Is the sequence 3,2,2, 1, 1, 1 graphical? If yes

| me know 0L LN

=5%.

X = i15,58’3 .

-.%

[ since. gwven eqn has 2X, Ke have
/ WO porsinle 3olutiony ‘wePierey q’l,*"

draw such graph. o _
2 Slll - Sm N, L Sinee S (-3 quPh\lﬂ\ '
= = o, 0. = u )
) ?C =y, 2, l, ‘, | . o, ! » , e moans onginal &‘\Uﬂm
Poa' _ V3 S ¢ olso graehicas .
S = N D o O I L/ 0 Jaehica
= 1,1,i,1, 0 v, vy Vs
' -8 = dog(va) = 3 dag(v,)=14 .
Sn= (‘on\t \, O d.eg(\"n)'-l
= “1‘10;0- d%(“s)’i
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